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CYOCLOTOMIC NUMBERS OF ORDER 2ℓ2 WITH PRIME ℓ
MD HELAL AHMED, JAGMOHAN TANTI AND AZIZUL HOQUE
Abstract. The problem of determining cyclotomic numbers in terms of the solutions of certain Diophantine
systems has been treated by many authors since the age of Gauss. In this paper we obtain an explicit expression
for cyclotomic numbers of order 2ℓ2 in terms of the coefficients of the Jacobi sums of lower orders. At the end,
we illustrate the nature of two matrices corresponding to two types of cyclotomic numbers.
1. Introduction
Let p be an odd prime integer and q = pr with r ≥ 1 an integer. Let e be a non-trivial divisor of q− 1. Then
q = ek + 1 for some positive integer k. Suppose γ is a generator of the cyclic group F×q . For a primitive e-th
root ζe of unity, define a multiplicative character χe on F
×
q by χe(γ) = ζe. For 0 ≤ i, j ≤ e − 1, the cyclotomic
numbers (i, j)e of order e are defined as follows:
(i, j)e := #{v ∈ Fq \ {0,−1} | indγv ≡ a (mod e), indγ(v + 1) ≡ b (mod e)}.
We now extent χe to a map from Fq to Q(ζe) by taking χe(0) = 0. The Jacobi sums of order e is defined by
Je(i, j) =
∑
v∈Fq
χie(v)χ
j
e(v + 1).
The cyclotomic numbers (i, j)e and the Jacobi sums Je(i, j) are well connected by the following relations:∑
i
∑
j
(i, j)eζ
ai+bj
e = Je(a, b), (1.1)
and ∑
i
∑
j
ζ−(ai+bj)e Je(i, j) = e
2(a, b)e. (1.2)
(1.1) and (1.2) show that if we want to calculate all the cyclotomic numbers (i, j)e of order e, it is sufficient to
calculate all the Jacobi sums Je(i, j) of the same order, and vice-versa.
Cyclotomic numbers are one of the most important objects in number theory and in other branches of
mathematics. These number have been extensively used in coding theory, cryptography and in other branches
of information theory. One of the central problems in the study of these numbers is the determination of all
cyclotomic numbers of a specific order for a given field in terms of solutions of certain Diophantine system.
This problem has been treated by many mathematicians including C. F. Gauss who had determined all the
cyclotomic numbers of order 3 in the field Fq with prime q ≡ 1 (mod 3). Cyclotomic numbers of order e over
the field Fq with characteristic p, in general, can not be determined only in terms of p and e, but that one
requires a quadratic partition of q too.
Complete solutions to this cyclotomic number problem have been computed for some specific orders. For
instance, the cyclotomic numbers of prime order e in the finite field Fq with q = p
r and p ≡ 1 (mod e) have
been investigated by many authors (see, [8] and the references therein). Cyclotomic numbers of small composite
order have been investigated by many authors, but most of the results involve the classical ambiguity. The
problem of removal of this ambiguity may led to composite moduli. The first result in composite case is due to
L. E. Dickson [3] who had computed cyclotomic numbers of orders 4, 6, 8, 10 and 12 over the field Fq for r = 1.
In [14], the author showed that the cyclotomic numbers of orders 3, 4, 6 over the field Fq are well determined
by a unique representation of pr in terms of a particular binary quadratic form x2 + dy2, and that of order 8
are determined by two such forms. L. E. Dickson also determined the cyclotomic numbers of orders 14, 22 in
[4], and that of orders 9, 15, 16, 18, 20, 24 in [5] over the field Fq for r = 1. Following the techniques of [3], A.
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L. Whiteman [15] computed the cyclotomic numbers of order 12 over the field Fq for r = 1. He also computed
the cyclotomic numbers of order 16 over the same field in [16]. These cyclotomic numbers of order 16 were
also determined independently by E. Lehmer in [9] and R. J. Evans and J. R. Hill in [6]. J. B. Muskat and A.
L. Whiteman gave the complete theory for the cyclotomic numbers of order 20 in [10]. J. B. Muskat analysed
completely the cyclotomic numbers of order 14 in [12] and that of orders 24, 30 in [11]. In [7], the authors
discussed the cyclotomic numbers of order 15 over the field Fq for q = p
2 when p ≡ 4, 11 (mod 15). For ℓ
an odd prime, Katre and Rajwade [8] solved the cyclotomy problem of order ℓ whereas Acharya and Katre
[1] determined the cyclotomic numbers of order 2ℓ over the field Fq for q = p
r with the prime p ≡ 1 (mod ℓ)
in terms of the solutions of certain Diophantine systems. Recently Shirolkar and Katre [13] determined the
cyclotomic numbers of order ℓ2 with prime ℓ in terms of the coefficients of Jacobi sums of orders ℓ and ℓ2.
In this paper, We obtain a formula for the cyclotomic numbers of order 2ℓ2 over the finite field Fq for
q = pr ≡ 1 (mod 2ℓ2) in terms of the coefficients of Jacobi sums of orders ℓ, 2ℓ, ℓ2 and 2ℓ2. These coefficients
can be evaluated in terms of the Dickson-Hurwitz sums of of orders ℓ, 2ℓ, ℓ2 and 2ℓ2. We also discuss the nature
of two types of cyclotomic numbers in terms of their associated matrix representations.
2. Preliminaries
For an odd prime ℓ, let p be a prime and q = pr with an integer r ≥ 1 satisfying q ≡ 1 (mod 2ℓ2). We
write q = 2ℓ2k + 1 for some positive integer k. In next two subsequent subsection we state some well known
properties [13] of cyclotomic numbers and Dickson-Hurwitz sums which are needed to give an explicit expression
for cyclotomic numbers of order 2ℓ2
2.1. Properties of Cyclotomic Numbers.
(1) (a, b)2ℓ2 = (a
′, b′)2ℓ2 whenever a ≡ a
′ (mod 2ℓ2) and b ≡ b′ (mod 2ℓ2).
(2) (a, b)2ℓ2 = (2ℓ
2 − a, b− a)2ℓ2 along with the following:
(a, b)2ℓ2 =
{
(b, a)2ℓ2 if k is even or q = 2
r,
(b+ ℓ2, a+ ℓ2)2ℓ2 if k is odd.
.
(3)
2ℓ2−1∑
a=0
2ℓ2−1∑
b=0
(a, b)2ℓ2 = q − 2. (2.1)
(4)
2ℓ2−1∑
b=0
(a, b)2ℓ2 = k − na,
where na is given by
na =
{
1 if a = 0, 2 | k or if a = ℓ2, 2 ∤ k;
0 otherwise.
(5)
2ℓ2−1∑
a=0
(a, b)2ℓ2 =
{
k − 1 if b = 0;
k if 1 ≤ b ≤ 2ℓ2 − 1.
(2.2)
2.2. Properties of Dickson-Hurwitz sums. Dickson-Hurwitz sums, B2ℓ2(a, b) [17] of order 2ℓ
2 are defined
for two positive integers a and b modulo 2ℓ2 by
B2l2(a, b) =
2ℓ2−1∑
h=0
(h, a− bh)2ℓ2 . (2.3)
(1)
2l2−1∑
a=0
B2l2(a, b) = q − 2. (2.4)
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(2)
B2l2(a, 0) =
{
k − 1 if a = 0;
k if 1 ≤ a ≤ 2ℓ2 − 1.
(2.5)
(3)
B2ℓ2(ℓ
2 + k, n) ≡
2ℓ2−1∑
a=0
B2ℓ2(a− ℓ, n) (mod 2ℓ
2)
≡
2ℓ2−1∑
a=0
B2ℓ2(a, n) (mod 2ℓ
2)
≡ q − 2 (mod 2ℓ2), (2.6)
where 0 ≤ k ≤ φ(2ℓ2)− 1.
2.3. Relations between Jacobi Sums and Dickson-Hurwitz Sums. For any positive integers m and n
modulo 2ℓ2, we recall the following relation (see, relation (8) in [4]),
J2l2(m,n) =
2ℓ2−1∑
a=0
ζna2ℓ2
2ℓ2−1∑
b=0
ζ
−(m+n)b
2ℓ2 (a, b)2ℓ2 , (2.7)
where ζ2ℓ2 is a primitive 2ℓ
2-th root of unity.
We also recall (see, relation (9) in [4]),
J2ℓ2(m,n) = (−1)
nkJ2ℓ2(−m− n, n). (2.8)
Puttig m = 2 in (2.8) and m = −2− n in (2.7), we obtain respectively:
J2ℓ2(2, n) = (−1)
nkJ2ℓ2(−2− n, n)
and
J2ℓ2(−2− n, n) =
2ℓ2−1∑
a=0
2ℓ2−1∑
b=0
ζna+2b2ℓ2 (a, b)2ℓ2 .
Eliminating b by the use of na+ 2b ≡ i (mod ℓ2)), we obtain
J2ℓ2(−2− n, n) =
ℓ2−1∑
i=0
ℓ2−1∑
a=0
ζiℓ2
(
a,
i− na
2
)
= (−1)nkJ2ℓ2(2, n),
Writing Bℓ2(i, n) =
∑ℓ2−1
a=0 (a, (i− na)/2), we get
(−1)nkJ2ℓ2(2, n) =
ℓ2−1∑
i=0
Bℓ2(i, n)ζ
i
ℓ2 . (2.9)
where ζℓ2 is a ℓ
2-th root of unity.
Also from [4], we have
(−1)nkJ2ℓ2(1, n) =
2ℓ2−1∑
i=0
B2ℓ2(i, n)ζ
i
2ℓ2 . (2.10)
3. Some results on Dickson-Hurwitz sums
In this section, we determine the trace of J2ℓ2(1, n)ζ
−t
2ℓ2 , J2ℓ2(2, n)ζ
−t
2ℓ2 and also obtain a result that shows a
relation between the coefficients di,n and Dickson-Hurwitz sums of order 2ℓ
2 which are needed in the subsequent
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sections. Let ζℓ be a primitive ℓ-th root of unity. Then TrQ(ζ
2ℓ2
)/Q(ζℓ) = −ℓ, TrQ(ζ
2ℓ2
)/Q(ζℓ2) = ℓ and
TrQ(
2ℓ2
)/Q(ζ2ℓ2) = 0. Then using (2.10) we compute for a positive integer t,
TrQ(ζ
2ℓ2
)/Q(J2ℓ2(1, n)ζ
−t
2ℓ2) =
2ℓ2−1∑
i=0
B2ℓ2(i, n)TrQ(ζ
2ℓ2
)/Q(ζ
i−t
2ℓ2 )
= ℓ(ℓ− 1)B2ℓ2(t, n) +
2ℓ2−1∑
i=0
i6=t
B2ℓ2(i, n)TrQ(ζ
2ℓ2
)/Q(ζ
i−t
2ℓ2 )
= ℓ(ℓ− 1)B2ℓ2(t, n)− ℓ
2l−1∑
u=1
B2ℓ2(ℓu+ t, n) + ℓ
ℓ−1∑
u=1
B2ℓ2(2ℓu+ t, n). (3.1)
Similary using (2.9), we obtain
TrQ(ζ
ℓ2
)/Q(J2ℓ2(2, n)ζ
−t
ℓ2 ) =
ℓ2−1∑
i=0
Bℓ2(i, n)TrQ(ζ
ℓ2
)/Q(ζ
i−t
ℓ2 )
= ℓ(ℓ− 1)Bℓ2(t, n)− l
l−1∑
u=1
Bℓ2(lu+ t, n). (3.2)
Recently, we [2] determined the coefficients of Jacobi sums of order 2ℓ2 in terms of Dickson-Hurwitz sums of
the same order. More precisely, we proved:
Theorem 3.1. Let ℓ be an odd prime. Let p be a prime such that q = pr ≡ 1 (mod 2ℓ2) with an integer r ≥ 1.
Then for any positive integer n,
J2ℓ2(1, n) =
ℓ(ℓ−1)−1∑
i=0
di,nζ
i
2ℓ2 ,
where the coefficents di,n are given by
di,n = B2ℓ2(i, n)∓B2ℓ2(ℓ(ℓ− 1) + j, n)−B2ℓ2(ℓ
2 + k, n)±B2ℓ2((2φ(ℓ
2) + ℓ) + j, n),
satisfying 0 ≤ j ≤ ℓ− 1, j ≡ i (mod 2ℓ2), k ≡ i (mod 2ℓ2), 0 ≤ i, k ≤ φ(2ℓ2)− 1.
The next result gives a relation between the coeffients di,n and Dickson-Hurwitz sums of order 2ℓ
2. This
result is useful to determine the cyclotomic numbers of order 2ℓ2. Here, we prove:
Theorem 3.2. Let ℓ be an odd prime, and t and n be two positive integers modulo 2ℓ2. Then
ℓ(ℓ− 1)B2ℓ2(t, n)− ℓ
2ℓ−1∑
u=1
B2ℓ2(ℓu+ t, n) + ℓ
ℓ−1∑
u=1
B2ℓ2(2ℓu+ t, n)
= ℓ(ℓ− 1)dt,n − ℓ
2ℓ−3∑
u=ℓ−1
duℓ+t,n − ℓ(q − 2),
where t = jℓ+ s with 0 ≤ j ≤ 2ℓ− 1 and 0 ≤ s ≤ ℓ− 1.
Proof. Let
D(n) = ℓ(ℓ− 1)B2ℓ2(t, n)− ℓ
2ℓ−1∑
u=1
B2ℓ2(ℓu+ t, n) + ℓ
ℓ−1∑
u=1
B2ℓ2(2ℓu+ t, n).
Then putting t = jℓ+ s with 0 ≤ j ≤ 2ℓ− 1 and 0 ≤ s ≤ ℓ− 1, we obtain
D(n) = ℓ(ℓ− 1)B2ℓ2(jℓ+ s, n)− ℓ
2ℓ−1∑
u=1
B2ℓ2(ℓ(u+ j) + s, n) + ℓ
ℓ−1∑
u=1
B2ℓ2(ℓ(2u+ j) + s, n).
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This can be written as
D(n) = ℓ(ℓ− 1)B2ℓ2(jℓ+ s, n)− ℓ
2ℓ−j−3∑
u=1
B2ℓ2(ℓ(u+ j) + s, n)
− ℓ
2ℓ−1∑
u=2ℓ−j−1
B2ℓ2(ℓ(u+ j) + s, n)− ℓB2ℓ2((ℓ(2ℓ− j − 2 + j)) + s, n)
+ ℓ
ℓ−1∑
u=1
B2ℓ2(ℓ(2u+ j) + s, n).
Since ℓB2ℓ2((ℓ(2ℓ− j − 2 + j)) + s, n) = B2ℓ2(ℓ
2 + k, n)), so that
D(n) = ℓ(ℓ− 1)(B2ℓ2(jℓ+ s, n)−B2ℓ2(ℓ
2 + k, n)) + ℓ
ℓ−1∑
u=1
B2ℓ2(ℓ(2u+ j) + s, n)
− ℓ
( 2ℓ−j−3∑
u=1
B2ℓ2(ℓ(u+ j) + s, n)−B2ℓ2(ℓ
2 + k, n)
)
− ℓ
( 2ℓ−1∑
u=2ℓ−j−1
B2ℓ2(ℓ(u+ j)
+ s, n)−B2ℓ2(ℓ
2 + k, n)
)
− ℓ2B2ℓ2(ℓ
2 + k, n).
Applying (2.6), we obtain
D(n) = ℓ(ℓ− 1)(B2ℓ2(jℓ+ s, n)∓B2ℓ2(ℓ(ℓ− 1) + s, n)±B2ℓ2(2ℓ
2 − ℓ+ s, n)
−B2ℓ2(ℓ
2 + k, n)) + l
ℓ−1∑
u=1
(B2ℓ2(ℓ(2u+ j) + s, n)∓B2ℓ2(ℓ(ℓ− 1) + s, n)
±B2ℓ2(2ℓ
2 − ℓ+ s, n)−B2ℓ2(ℓ
2 + k, n))− ℓ
( 2ℓ−j−3∑
u=1
B2ℓ2(ℓ(u+ j) + s, n)
∓B2ℓ2(ℓ(ℓ − 1) + s, n)±B2ℓ2(2ℓ
2 − ℓ+ s, n)−B2ℓ2(ℓ
2 + k, n)
)
− ℓ
( 2ℓ−1∑
u=2ℓ−j−1
B2ℓ2(ℓ(u+ j) + s, n)∓B2ℓ2(ℓ(ℓ− 1) + s, n)±B2ℓ2(2ℓ
2 − ℓ+ s, n)
−B2ℓ2(ℓ
2 + k, n)
)
− ℓ(q − 2).
We now applying Theorem 3.1 and (2.6) to get,
D(n) = ℓ(ℓ− 1)djℓ+s,n + ℓ
ℓ−1∑
u=1
dℓ(2u+j)+s,n − ℓ
2ℓ−j−3∑
u=1
dℓ(u+j)+s,n
− ℓ
2ℓ−1∑
u=2ℓ−j−1
dℓ(u+j)+s,n − ℓ(q − 2).
Puting u+ j = x in second sum and u+ j ≡ x (mod (2ℓ− 1)) in third sum, we have
D(n) = ℓ(ℓ− 1)djℓ+s,n + ℓ
ℓ−1∑
u=1
dℓ(2u+j)+s,n − ℓ
2ℓ−3∑
x=0
dℓx+s,n − ℓ(q − 2).
Consider uℓ+ t ≡ ℓx+ s (mod ℓ(ℓ− 1)). Then
D(n) = ℓ(ℓ− 1)dt,n + ℓ
ℓ−1∑
u=1
dℓ(2u+j)+s,n − ℓ
2l−3∑
u=0
dul+t,n − ℓ(q − 2).
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Puting 2u+ j ≡ m+ j (mod (2ℓ− 1)) to obtain
D(n) = ℓ(ℓ− 1)dt,n + ℓ
ℓ−2∑
u=0
duℓ+t,n − ℓ
2ℓ−3∑
u=0
dul+t,n − ℓ(q − 2).
Since for every m+ j, uℓ+ t ≡ (m+ j)ℓ+ s (mod ℓ(ℓ− 1)) with u ∈ {0, 1, 2, 3, · · · , ℓ− 2}, we obtain
D(n) = ℓ(ℓ− 1)dt,n + ℓ
ℓ−2∑
u=0
duℓ+t,n − ℓ
2ℓ−3∑
u=0
duℓ+t,n − ℓ(q − 2).
This further implies
D(n) = ℓ(ℓ− 1)dt,n − ℓ
2ℓ−3∑
u=ℓ−1
duℓ+t,n − ℓ(q − 2).

4. Main Results
In this section, we obtain an explicit expression for cyclotomic numbers of order 2ℓ2 in terms of the coefficients
of Jacobi sums of orders ℓ, 2ℓ, ℓ2 and 2ℓ2. These coefficients of Jacobi sums can be evaluated in terms of Dickson-
Hurwitz sums of orders ℓ, 2ℓ, ℓ2 and 2ℓ2. Here, we mainly prove:
Theorem 4.1. Let ℓ be an odd prime. Let p be a prime such that q = pr ≡ 1 (mod 2ℓ2) with an integer r ≥ 1.
Then
4ℓ4(a, b)2l2 = ℓ
4(a, b)ℓ2 + 4ℓ
2(a, b)2ℓ − ℓ
2(a, b)ℓ − ℓ(q − 2)(4ℓ
2 − 3) +
2ℓ2−1∑
i=2
{ℓ(ℓ− 1)
× dia+b,n − ℓ
2ℓ−3∑
u=ℓ−1
duℓ+ia+b,n}+
2ℓ2−1∑
j=1
{ℓ(ℓ− 1)da+jb,n − ℓ
2ℓ−3∑
u=ℓ−1
duℓ+a+jb,n}
−
2ℓ−1∑
i odd
{ε((ℓ2 + 1)/2)(ℓia+ 2b))b((ℓ2+1)/2)(ℓia+2b),n − ℓ
ℓ−2∑
u=0
buℓ+((ℓ2+1)/2)(ℓia+2b),n}
−
2ℓ−1∑
j odd
{ε((ℓ2 + 1)/2)(2a+ ℓjb))b((ℓ2+1)/2)(2a+ℓjb),n − ℓ
ℓ−2∑
u=0
buℓ+((ℓ2+1)/2)(2a+ℓjb),n},
where ε(t) is given by
ε(t) =
{
ℓ2 if 0 ≤ j ≤ ℓ− 2, i.e. 0 ≤ t ≤ ℓ2 − ℓ,
−ℓ if j = ℓ− 1, i.e. ℓ2 − ℓ ≤ t ≤ ℓ2 − 1.
(4.1)
To prove this theorem, we need an important result of D. Shirolkar and S. A. Katre [13, Lemma 6.1]. We
recall that results for convenience. We consider the Jacobi sum Jℓ2(1, n) of order ℓ
2,
Jℓ2(1, n) =
ℓ(ℓ−1)∑
i=0
bi,nζ
i
ℓ2 .
Lemma 4.1. For two positive integers t and n modulo ℓ2, define
C(t, n) := ℓ(ℓ− 1)Bℓ2(t, n)− ℓBℓ2(uℓ+ t, n).
Let 0 ≤ t ≤ ℓ2 − 1. Write t = jℓ+ s, where 0 ≤ j ≤ ℓ2 − 1 and 0 ≤ s ≤ ℓ2 − 1. Then
C(t, n) = ε(t)bt,n − ℓ
ℓ−2∑
ℓ=0
buℓ+t,n,
where ε(t) is given by (4.1).
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Proof of Theorem 4.1. Applying (1.2), we obtain
4ℓ4(a, b)2ℓ2 =
∑
i
∑
j
J2ℓ2(i, j)ζ
−(ai+bj)
2ℓ2 .
Let us consider G = Gal(Q(ζ2ℓ2)/Q) and G
′ = Gal(Q(ζℓ2)/Q). Then the above equation can be written as
4ℓ4(a, b)2ℓ2 = (a, b)ℓ2 +
2ℓ2−1∑
i odd
J2ℓ2(i, 0)ζ
−ia
2ℓ2 +
2ℓ2−1∑
j odd
J2ℓ2(0, j)ζ
−jb
2ℓ2
+
2ℓ2−1∑
i=1
∑
σ∈G
σ(J2ℓ2(i, 1)ζ
−(ia+b)
2ℓ2 ) +
2ℓ2−1∑
j=1
∑
σ∈G
σ(J2ℓ2(1, j)ζ
−(a+jb)
2ℓ2 )
−
∑
σ∈G
σ(J2ℓ2(1, 1)ζ
−(a+b)
2ℓ2 ) +
2ℓ−1∑
i odd
∑
σ∈G′
σ(J2ℓ2(ℓi, 2)ζ
−(ℓia+2b)
2ℓ2 )
+
2ℓ−1∑
j odd
∑
σ∈G′
σ(J2ℓ2(2, ℓj)ζ
−(2a+ℓjb)
2ℓ2 ) +
2ℓ−1∑
i=1
2ℓ−1∑
j=1
J2ℓ2(ℓi, ℓj)ζ
−(ℓia+ℓjb)
2ℓ2
−
ℓ−1∑
i=1
ℓ−1∑
j=1
J2ℓ2(2ℓi, 2ℓj)ζ
−(2ℓia+2ℓjb)
2ℓ2 .
Since the second and third terms in R H S are zero, so that
4ℓ4(a, b)2ℓ2 = ℓ
4(a, b)ℓ2 +
2ℓ2−1∑
i=1
∑
σ∈G
σ(J2ℓ2(i, 1)ζ
−(ia+b)
2ℓ2 ) +
2ℓ2−1∑
j=1
∑
σ∈G
σ(J2ℓ2(1, j)ζ
−(a+jb)
2ℓ2 )
−
∑
σ∈G
σ(J2ℓ2 (1, 1)ζ
−(a+b)
2ℓ2 )−
2ℓ−1∑
i odd
∑
σ∈G′
σ(J2ℓ2(ℓi, 2)ζ
−((ℓ2+1)/2)(ℓia+2b)
ℓ2 )
−
2ℓ−1∑
j odd
∑
σ∈G′
σ(J2ℓ2(2, ℓj)ζ
−((ℓ2+1)/2)(2a+ℓjb)
ℓ2 ) +
2ℓ−1∑
i=1
2ℓ−1∑
j=1
J2ℓ2(ℓi, ℓj)ζ
−(ℓia+ℓjb)
2ℓ2
−
ℓ−1∑
i=1
ℓ−1∑
j=1
J2ℓ2(2ℓi, 2ℓj)ζ
−(2ℓia+2ℓjb)
2ℓ2 .
This implies,
4ℓ4(a, b)2ℓ2 = ℓ
4(a, b)ℓ2 +
2ℓ2−1∑
i=1
TrQ(ζ
2ℓ2
)/Q(J2ℓ2(i, 1)ζ
−(ia+b)
2ℓ2 )
+
2ℓ2−1∑
j=1
TrQ(ζ
2ℓ2
)/Q(J2ℓ2(1, j)ζ
−(a+jb)
2ℓ2 )− TrQ(ζ2ℓ2 )/Q(J2ℓ2(1, 1)ζ
−(a+b)
2ℓ2 )
−
2ℓ−1∑
i odd
TrQ(ζ
ℓ2
)/Q(J2ℓ2(ℓi, 2)ζ
−((ℓ2+1)/2)(ℓia+2b)
ℓ2 )
−
2ℓ−1∑
j odd
TrQ(ζ
ℓ2
)/Q(J2ℓ2(2, ℓj)ζ
−((ℓ2+1)/2)(2a+ℓjb)
ℓ2 )
+
2ℓ−1∑
i=1
2ℓ−1∑
j=1
J2ℓ2(ℓi, ℓj)ζ
−(ℓia+ℓjb)
2ℓ2 −
ℓ−1∑
i=1
ℓ−1∑
j=1
J2ℓ2(2ℓi, 2ℓj)ζ
−(2ℓia+2ℓjb)
2ℓ2 .
8 MD HELAL AHMED, JAGMOHAN TANTI AND AZIZUL HOQUE
Applying (1.2), we get
4ℓ4(a, b)2ℓ2 = ℓ
4(a, b)ℓ2 +
2ℓ2−1∑
i=1
TrQ(ζ
2ℓ2
)/Q(J2ℓ2(i, 1)ζ
−(ia+b)
2ℓ2 )
+
2ℓ2−1∑
j=1
TrQ(ζ
2ℓ2
)/Q(J2ℓ2(1, j)ζ
−(a+jb)
2ℓ2 )− TrQ(ζ2ℓ2 )/Q(J2ℓ2(1, 1)ζ
−(a+b)
2ℓ2 )
−
2ℓ−1∑
i odd
TrQ(ζ
ℓ2
)/Q(J2ℓ2(ℓi, 2)ζ
−((ℓ2+1)/2)(ℓia+2b)
ℓ2 )
−
2ℓ−1∑
j odd
TrQ(ζ
ℓ2
)/Q(J2ℓ2(2, ℓj)ζ
−((ℓ2+1)/2)(2a+ℓjb)
ℓ2 )
+ 4ℓ2(a, b)2ℓ − ℓ
2(a, b)ℓ.
By the use of (3.1) and (3.2), we get
4ℓ4(a, b)2ℓ2 = ℓ
4(a, b)ℓ2 +
2ℓ2−1∑
i=1
{ℓ(ℓ− 1)B2ℓ2(ia+ b, n)− ℓ
2ℓ−1∑
u=1
B2ℓ2(ℓu+ ia+ b, n)
+ ℓ
ℓ−1∑
u=1
B2ℓ2(2ℓu+ ia+ b, n)}+
2ℓ2−1∑
j=1
{ℓ(ℓ− 1)B2ℓ2(a+ jb, n)
− ℓ
2ℓ−1∑
u=1
B2ℓ2(ℓu+ a+ jb, n) + ℓ
ℓ−1∑
u=1
B2ℓ2(2ℓu+ a+ jb, n)}
− ℓ(ℓ− 1)B2ℓ2(a+ b, n) + ℓ
2ℓ−1∑
u=1
B2ℓ2(ℓu+ a+ b, n)
− ℓ
ℓ−1∑
u=1
B2ℓ2(2ℓu+ a+ b, n)−
2ℓ−1∑
i odd
{ℓ(ℓ− 1)Bℓ2(((ℓ
2 + 1)/2)(ℓia+ 2b), n)
− ℓ
ℓ−1∑
u=1
Bℓ2(uℓ+ ((ℓ
2 + 1)/2)(ℓia+ 2b), n)} −
2ℓ−1∑
j odd
{ℓ(ℓ− 1)Bℓ2(((ℓ
2 + 1)/2)
× (2a+ ℓjb), n)− ℓ
ℓ−1∑
u=1
Bℓ2(uℓ+ ((ℓ
2 + 1)/2)(2a+ ℓjb), n)}+ 4ℓ2(a, b)2ℓ
− ℓ2(a, b)ℓ.
Employing Theorem 3.2 and Lemma 4.1, we obtain
4ℓ4(a, b)2ℓ2 = ℓ
4(a, b)ℓ2 + 4ℓ
2(a, b)2ℓ − ℓ
2(a, b)ℓ +
2ℓ2−1∑
i=2
{ℓ(ℓ− 1)dia+b,n − ℓ(q − 2)
− ℓ
2ℓ−3∑
u=ℓ−1
duℓ+ia+b,n}+
2ℓ2−1∑
j=1
{ℓ(ℓ− 1)da+jb,n − ℓ(q − 2)− ℓ
2ℓ−3∑
u=ℓ−1
duℓ+a+jb,n}
−
2ℓ−1∑
i odd
{ε(((ℓ2 + 1)/2)(ℓia+ 2b))b((ℓ2+1)/2)(ℓia+2b),n − ℓ
ℓ−2∑
u=0
buℓ+((ℓ2+1)/2)(ℓia+2b),n}
−
2ℓ−1∑
j odd
{ε(((ℓ2 + 1)/2)(2a+ ℓjb))b((ℓ2+1)/2)(2a+ℓjb),n − ℓ
ℓ−2∑
u=0
buℓ+((ℓ2+1)/2)(2a+ℓjb),n}.
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This can be further simplified as
4ℓ4(a, b)2ℓ2 = ℓ
4(a, b)ℓ2 + 4ℓ
2(a, b)2ℓ − ℓ
2(a, b)ℓ − ℓ(q − 2)(4ℓ
2 − 3)
+
2ℓ2−1∑
i=2
{ℓ(ℓ− 1)dia+b,n − ℓ
2ℓ−3∑
u=ℓ−1
duℓ+ia+b,n}+
2ℓ2−1∑
j=1
{ℓ(ℓ− 1)da+jb,n
− ℓ
2ℓ−3∑
u=ℓ−1
duℓ+a+jb,n} −
2ℓ−1∑
i odd
{ε(((ℓ2 + 1)/2)(ℓia+ 2b))b((ℓ2+1)/2)(ℓia+2b),n
− ℓ
ℓ−2∑
u=0
buℓ+((ℓ2+1)/2)(ℓia+2b),n} −
2ℓ−1∑
j odd
{ε(((ℓ2 + 1)/2)(2a+ ℓjb))
× b((ℓ2+1)/2)(2a+ℓjb),n − ℓ
ℓ−2∑
u=0
buℓ+((ℓ2+1)/2)(2a+ℓjb),n}.
This completes the proof.
Substituting the well known formulae for cyclotomic numbers of order ℓ and 2ℓ in Theorem 4.1, we obtain
the following:
Corollary 4.1. Let p, q and ℓ as in Theorem 4.1 with r = 1. Then
4ℓ4(a, b)2ℓ2 = ℓ
4(a, b)ℓ2 − ℓ(q − 2)(4ℓ
2 − 3)− {(−1)b + (−1)a+k + (−1)a+b}
× {ℓ+
ℓ−1∑
m=1
bm(ℓ) +
ℓ−2∑
u=0
ℓ−1∑
m=1
bm(2u+ 1)}+ (−1)
bℓ{bν(−a)(ℓ)
+
ℓ−1∑
u=0
bν(b−2au−2a)(2u+ 1)}+ (−1)
a+bℓ{bν(b)(ℓ) +
ℓ−1∑
u=0
bν(a+2bu+b)(2u+ 1)}
+ (−1)a+kℓ{bν(−b)(ℓ) +
ℓ−1∑
u=0
bν(a−2bu−2b)(2u+ 1)}+
2ℓ2−1∑
i=2
{ℓ(ℓ− 1)dia+b,n
− ℓ
2ℓ−3∑
u=ℓ−1
duℓ+ia+b,n}+
2ℓ2−1∑
j=1
{ℓ(ℓ− 1)da+jb,n − ℓ
2ℓ−3∑
u=ℓ−1
duℓ+a+jb,n}
−
2ℓ−1∑
i odd
{ε(((ℓ2 + 1)/2)(ℓia+ 2b))b((ℓ2+1)/2)(ℓia+2b),n − ℓ
ℓ−2∑
u=0
buℓ+((ℓ2+1)/2)(ℓia+2b),n}
−
2ℓ−1∑
j odd
{ε(((ℓ2 + 1)/2)(2a+ ℓjb))b((ℓ2+1)/2)(2a+ℓjb),n − ℓ
ℓ−2∑
u=0
buℓ+((ℓ2+1)/2)(2a+ℓjb),n},
where b0(n) = 0,
ν(b) =
{
Λ(b)/2 if b is even;
Λ(b+ ℓ)/2 if b is odd,
and Λ(r) is defined as the least non-negative residue of r module 2ℓ.
For any odd prime p ≥ 5, p2 ≡ 1 (mod 3) holds. Thus to calculate cyclotomic numbers of order 2ℓ2 with
prime ℓ ≥ 5, it is sufficient to calculate 2ℓ2 + (2ℓ2 − 3) + (2ℓ2 − 6) + (2ℓ2 − 9) + · · · + 2 distinct cyclotomic
numbers of order 2ℓ2. However ℓ = 3, it is enough to calculate 2ℓ2 + (2ℓ2 − 3) + (2ℓ2 − 6) + (2ℓ2 − 9) + · · ·+ 1
distinct cyclotomic numbers of order 2ℓ2.
5. Matrix assocated to cyclotomic numbers
In this section, we illustrate two types of cyclotomic numbers. We first consider q = p = 19 ≡ 1 (mod 18)
and q = p = 37 ≡ 1 (mod 18). Then using property (2) of cyclotomic numbers the 324 pairs of two paremeters
numbers (a, b)18 can be reduced to 64 distinct pairs (see Table 1 and Table 2). On evaluating cyclotomic numbers
corresponding to 64 distinct pair, we obtain the complete tables in a form of matrices A and B. Primary interest
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(a,b) b
a 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17
0 (0,0) (0,1) (0,2) (0,3) (0,4) (0,5) (0,6) (0,7) (0,8) (0,9) (0,10) (0,11) (0,12) (0,13) (0,14) (0,15) (0,16) (0,17)
1 (1,0) (1,1) (1,2) (1,3) (1,4) (1,5) (1,6) (1,7) (1,8) (0,10) (0,8) (1,8) (1,12) (1,13) (1,14) (1,15) (1,16) (1,17)
2 (2,0) (2,1) (2,2) (2,3) (2,4) (2,5) (2,6) (2,7) (1,12) (0,11) (1,8) (0,7) (1,7) (2,7) (2,14) (2,15) (2,16) (2,17)
3 (3,0) (3,1) (3,2) (3,3) (3,4) (3,5) (3,6) (2,14) (1,13) (0,12) (1,12) (1,7) (0,6) (1,6) (2,6) (3,6) (3,16) (3,17)
4 (4,0) (4,1) (4,2) (4,3) (4,4) (4,5) (3,16) (2,15) (1,14) (0,13) (1,13) (2,7) (1,6) (0,5) (1,5) (2,5) (3,5) (4,5)
5 (4,4) (5,1) (5,2) (5,3) (5,1) (4,0) (3,17) (2,16) (1,15) (0,14) (1,14) (2,14) (2,6) (1,5) (0,4) (1,4) (2,4) (3,4)
6 (3,3) (4,3) (5,3) (6,3) (5,2) (4,1) (3,0) (2,17) (1,16) (0,15) (1,15) (2,15) (3,6) (2,5) (1,4) (0,3) (1,3) (2,3)
7 (2,2) (3,2) (4,2) (5,2) (5,3) (4,2) (3,1) (2,0) (1,17) (0,16) (1,16) (2,16) (3,16) (3,5) (2,4) (1,3) (0,2) (1,2)
8 (1,1) (2,1) (3,1) (4,1) (5,1) (4,3) (3,2) (2,1) (1,0) (0,17) (1,17) (2,17) (3,17) (4,5) (3,4) (2,3) (1,2) (0,1)
9 (0,0) (1,0) (2,0) (3,0) (4,0) (4,4) (3,3) (2,2) (1,1) (0,0) (1,0) (2,0) (3,0) (4,0) (4,4) (3,3) (2,2) (1,1)
10 (1,0) (0,17) (1,17) (2,17) (3,17) (4,5) (3,4) (2,3) (1,2) (0,1) (1,1) (2,1) (3,1) (4,1) (5,1) (4,3) (3,2) (2,1)
11 (2,0) (1,17) (0,16) (1,16) (2,16) (3,16) (3,5) (2,4) (1,3) (0,2) (1,2) (2,2) (3,2) (4,2) (5,2) (5,3) (4,2) (3,1)
12 (3,0) (2,17) (1,16) (0,15) (1,15) (2,15) (3,6) (2,5) (1,4) (0,3) (1,3) (2,3) (3,3) (4,3) (5,3) (6,3) (5,2) (4,1)
13 (4,0) (3,17) (2,16) (1,15) (0,14) (1,14) (2,14) (2,6) (1,5) (0,4) (1,4) (2,4) (3,4) (4,4) (5,1) (5,2) (5,3) (5,1)
14 (4,4) (4,5) (3,16) (2,15) (1,14) (0,13) (1,13) (2,7) (1,6) (0,5) (1,5) (2,5) (3,5) (4,5) (4,0) (4,1) (4,2) (4,3)
15 (3,3) (3,4) (3,5) (3,6) (2,14) (1,13) (0,12) (1,12) (1,7) (0,6) (1,6) (2,6) (3,6) (3,16) (3,17) (3,0) (3,1) (3,2)
16 (2,2) (2,3) (2,4) (2,5) (2,6) (2,7) (1,12) (0,11) (1,8) (0,7) (1,7) (2,7) (2,14) (2,15) (2,16) (2,17) (2,0) (2,1)
17 (1,1) (1,2) (1,3) (1,4) (1,5) (1,6) (1,7) (1,8) (0,10) (0,8) (1,8) (1,12) (1,13) (1,14) (1,15) (1,16) (1,17) (1,0)
Table 1. Equality of (a, b)18 if k is odd
is to know about the determinant, eigen values, characteristic polynomial and minimal polynomial of A and
B. It is also important to know the nature of the matrices obtained by changing the generator of F×q . Since
the entries of exactly one row of A are zero, thus det(A) = 0. We observe that the characteristic as well as
minimal polynomial of A is mA(x) = x
18. We also see that all the eigenvalues of A are equal, and in fact they
all are zero. Using GP/PARI (version 2.9.2), we obtain det(B) = −1 and the characteristic as well as minimal
polynomial is
mB(x) = x
18 − x17 − 17x16 + 16x15 + 120x14 − 105x13 − 455x12 + 364x11
+ 1001x10 − 715x9 − 1287x8 + 792x7 + 924x6 − 462x5 − 330x4 + 120x3 + 45x2 − 9x− 1.
The eigenvalues of B are λ1 = −1.9712, λ2 = 1.9928, λ3 = 1.9355, λ4 = −1.8858, λ5 = 1.8225, λ6 =
−1.7460, λ7 = 1.6570, λ8 = −1.5561, λ9 = 1.4439, λ10 = −1.3213, λ11 = 1.1893, λ12 = −1.0486, λ13 =
0.9004, λ14 = −0.7457, λ15 = 0.5856, λ16 = −0.4214, λ17 = 0.2540, λ18 = −0.0849, and all of them are
distinct. It is noted that if we change the generator of F×q , then entries of A (resp. B) get interchange among
themselves but their nature remain as the same.
The matrix corresponding of Table 1 is given by
A =


0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0


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(a,b) b
a 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17
0 (0,0) (0,1) (0,2) (0,3) (0,4) (0,5) (0,6) (0,7) (0,8) (0,9) (0,10) (0,11) (0,12) (0,13) (0,14) (0,15) (0,16) (0,17)
1 (0,1) (0,17) (1,2) (1,3) (1,4) (1,5) (1,6) (1,7) (1,8) (1,9) (1,10) (1,11) (1,12) (1,13) (1,14) (1,15) (1,16) (1,2)
2 (0,2) (1,2) (0,16) (1,16) (2,4) (2,5) (2,6) (2,7) (2,8) (2,9) (2,10) (2,11) (2,12) (2,13) (2,14) (2,15) (2,4) (1,3)
3 (0,3) (1,3) (1,16) (0,15) (1,15) (2,15) (3,6) (3,7) (3,8) (3,9) (3,10) (3,11) (3,12) (3,13) (3,14) (3,6) (2,5) (1,4)
4 (0,4) (1,4) (2,4) (1,15) (0,14) (1,14) (2,14) (3,14) (4,8) (4,9) (4,10) (4,11) (4,12) (4,13) (4,8) (3,7) (2,6) (1,5)
5 (0,5) (1,5) (2,5) (2,15) (1,14) (0,13) (1,13) (2,13) (3,13) (4,13) (5,10) (5,11) (5,12) (5,10) (4,9) (3,8) (2,7) (1,6)
6 (0,6) (1,6) (2,6) (3,6) (2,14) (1,13) (0,12) (1,12) (2,12) (3,12) (4,12) (5,12) (6,12) (5,11) (4,10) (3,9) (2,8) (1,7)
7 (0,7) (1,7) (2,7) (3,7) (3,14) (2,13) (1,12) (0,11) (1,11) (2,11) (3,11) (4,11) (5,11) (5,12) (4,11) (3,10) (2,9) (1,8)
8 (0,8) (1,8) (2,8) (3,8) (4,8) (3,13) (2,12) (1,11) (0,10) (1,10) (2,10) (3,10) (4,10) (5,10) (4,12) (3,11) (2,10) (1,9)
9 (0,9) (1,9) (2,9) (3,9) (4,9) (4,13) (3,12) (2,11) (1,10) (0,9) (1,9) (2,9) (3,9) (4,9) (4,13) (3,12) (2,11) (1,10)
10 (0,10) (1,10) (2,10) (3,10) (4,10) (5,10) (4,12) (3,11) (2,10) (1,9) (0,8) (1,8) (2,8) (3,8) (4,8) (3,13) (2,12) (1,11)
11 (0,11) (1,11) (2,11) (3,11) (4,11) (5,11) (5,12) (4,11) (3,10) (2,9) (1,8) (0,7) (1,7) (2,7) (3,7) (3,14) (2,13) (1,12)
12 (0,12) (1,12) (2,12) (3,12) (4,12) (5,12) (6,12) (5,11) (4,10) (3,9) (2,8) (1,7) (0,6) (1,6) (2,6) (3,6) (2,14) (1,13)
13 (0,13) (1,13) (2,13) (3,13) (4,13) (5,10) (5,11) (5,12) (5,10) (4,9) (3,8) (2,7) (1,6) (0,5) (1,5) (2,5) (2,15) (1,14)
14 (0,14) (1,14) (2,14) (3,14) (4,8) (4,9) (4,10) (4,11) (4,12) (4,13) (4,8) (3,7) (2,6) (1,5) (0,4) (1,4) (2,4) (1,15)
15 (0,15) (1,15) (2,15) (3,6) (3,7) (3,8) (3,9) (3,10) (3,11) (3,12) (3,13) (3,14) (3,6) (2,5) (1,4) (0,3) (1,3) (1,16)
16 (0,16) (1,16) (2,4) (2,5) (2,6) (2,7) (2,8) (2,9) (2,10) (2,11) (2,12) (2,13) (2,14) (2,15) (2,4) (1,3) (0,2) (1,2)
17 (0,17) (1,2) (1,3) (1,4) (1,5) (1,6) (1,7) (1,8) (1,9) (1,10) (1,11) (1,12) (1,13) (1,14) (1,15) (1,16) (1,2) (0,1)
Table 2. Equality of (a, b)18 if k is even
The matrix corresponding of Table 2 is given by
B =


0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 1
0 1 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 1 0 0 0
0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0
0 0 0 0 1 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0


It is noted if k = 1, then the corresponding matrix is always singular. The Jordon-canonical form
of B is given by the diogonal matrix D with diagonal entries
λ1, λ2, λ3, λ4, λ5, λ6, λ7, λ8, λ9, λ10, λ11, λ12, λ13, λ14, λ15, λ16, λ17, λ18.
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